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Under broad conditions, we prove that the probability amplitudes in the quantum mechanics are
either always constant in time or changing continuously in any interval of time.
In quantum mechanics, the evolution of a state can be
described by a unitary operator which can be derived
by using Schro¨dinger equation. For time-independent
Hamiltonians this unitary operator is an exponential
function with respect to the Hamiltonian, i.e. e−iHt, see1.
In this note, we prove a theorem about the evolution of
the probability amplitudes in generic many body quan-
tum systems that have lower-bounded Hamiltonians. We
also comment about similar (but restricted) version of the
theorem for the evolution of the correlation functions.
The time dependent probability amplitudes for arbi-
trary states |ψ〉 and |φ〉 is defined as
F (t) := 〈ψ|eiHt|φ〉. (1)
When the two states are equal we have the well-known
quantum fidelity.
Theorem: For bounded Hamiltonians, if F (t) = 0 for
an arbitrary interval I = [−ǫ, ǫ], then, it is identically
zero for all the times.
Proof. The proof is similar to the proof of the Reeh-
Schlieder theorem, see2 and references therein. We first
define the following quantity for a complex z:
F (z) = 〈ψ|eiHz |φ〉. (2)
For Hamiltonians bounded from below, the F (z) is holo-
morphic in the upper-half plane. Now consider that when
we approach to the real z, the F (z) is continuous on the
real line and zero in the interval I. We will show that this
assumption leads to F (z) = 0. For z in the upper-half
plane, by the Cauchy integral formula, we have
F (z) =
1
2πi
∮
γ
dz′
F (z′)
z′ − z
, (3)
where γ is any counterclockwise contour in the upper-half
plane. A priory, we do not know that F (z) is holomor-
phic along the interval I, otherwise, by identity theorem
of complex analysis, we could conclude the proof of the
theorem. However, since F (z) is vanishing on the interval
I, one can deform γ in a way that part of it is along this
segment. Then, one can remove this part of the contour
and freely move z through the interval I into the lower
half-plane. That means that F (z) is holomorphic also on
the interval I, it follows that F (z) is identically zero.
One consequence of the above theorem is that the fi-
delity either does not evolve by time or it is continuously
evolving in any arbitrary small interval of time. The fol-
lowing corollary is also an immediate consequence of the
above theorem. Consider Fj(t) = 〈ψ|e
iHt|φj〉 then;
Corollary I: For j 6= k and a constant α, if Fj(t) =
αFk(t) for an arbitrary interval I = [−ǫ, ǫ] then, Fj(t) =
αFk(t) for all the times.
Proof. After defining Fjk(z) = Fj(z)− αFk(z) the proof
is identical as above.
The above discussions can not be extended to the equal
time correlation functions straightforwardly without fur-
ther assumptions. Consider the following correlation
function
〈A(t)〉 = 〈ψ|eiHtAe−iHt|ψ〉, (4)
where A can be a product of different operators at differ-
ent points. The conclusion of the above theorem was
based on the holomorphicity of 〈ψ|eiHt in the upper-
half plane, but this is spoiled here by the extra factor
e−iHt. To be able to use again the holomorphicity ar-
gument, we need to assume that the Hamiltonian is not
only bounded from below but also from the above in a
way that |e−iHz | < c, where c is a finite number. With
this assumption, one can conclude the following:
Corollary II: For bounded Hamiltonians if 〈A(t)〉 =
const for an arbitrary interval I = [−ǫ, ǫ] then, 〈A(t)〉 =
const for all the times.
Proof. The proof is similar to the proof of the theorem.
Finally, it is worth mentioning that the above con-
clusion can be extended straightforwardly to the mixed
states.
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